Introduction
One focus in the fi elds of close-range photogrammetry and computer vision research and applications is increasingly on zoom-lens cameras (Willson, 1994; Li and Lavest, 1996; Ahmed and Farag, 2000; Fraser and Al-Ajlouni, 2006; Ergun, 2010; Stamatopoulos and Fraser, 2011; Sanz-Ablanedo et al., 2012) . Zoom-lenses, due to their fl exibility and controllability, have inherent advantages in the expansion of the imaging capabilities of fi xed lens cameras (Willson, 1994; Li and Lavest, 1996) . In the past, fi xed lens cameras have been more commonly used for photogrammetric tasks than those with zoom lenses, mainly due to diffi culties in metric modeling and calibration of zoom-lens cameras (Ahmed and Farag, 2000 Camera calibration is the process of determining a camera's intrinsic parameters including principal distance, principal point offset, and lens distortions (Tsai, 1987) . The principal distance and principal point offset are known as camera interior orientation (IO) parameters. They, together with the exterior orientation (EO) parameters, enable the derivation of 3D metric information in object space. Selfcalibration approaches have been studied and used intensively in the photogrammetry community (Brown, 1971; Faig, 1975; Remondino and Fraser, 2006) . This particular approach incorporates the intrinsic parameters of a camera into a photogrammetric bundle adjustment process so that all can be solved together and simultaneously with other unknowns. However, determinability of all parameters is not assured from self-calibration, which requires strong geometric confi gurations of the image networks for bundle adjustment to be achieved. In circumstances of applications using zoom-lens cameras such as 3D measurements and reconstruction of relatively long-range targets in areas not easily approachable to humans, monitoring of extremely hazardous situations such as mud-rock fl ows and landslides, automatic traffi c monitoring and urban security surveillance, image networks with strong geometric confi gurations are diffi cult or sometimes impossible to obtain for all the lens settings. Therefore, zoomlens camera calibration, as a stand-alone step, is preferred for these applications.
Previous zoom-lens calibration methods usually employ a special control fi eld with precisely measured targets as ground truth. For example, Fraser and Al-Ajlouni (2006) employed a 3D control fi eld for zoom-lens calibration comprised of a 140 object point array covering an area of approximately 5 m × 3 m. Ergun (2010) used a 3D calibration fi eld to calibrate a zoom lens. The fi eld contains 112 circular coded targets across different depth ranges. In close-range photogrammetric applications using zoom-lens cameras such as those mentioned above, the lens settings are subject to frequent changes, and accordingly, the zoom lens needs to be calibrated frequently to ensure ideal metric accuracies. However, frequent calibration of the in-use zoom-lens camera system in a specifi c control fi eld is inconvenient or sometimes not feasible. In addition, calibration of zoom lens normally involves plenty of zoom and focus settings. Particularly, at large focused distance with zoom lens, the camera may need to be posed dozens of meters away from the calibration targets to capture sharp images. In this case, an in-door control fi eld than eight control points is needed for the camera calibration. However, Tsai's method only takes account for the radial distortions of the camera. In the widely cited work of Zhang (2000) , a pinhole model is used to represent the transformation from 2D image to 3D object space. Image distortions are taken into consideration using maximum likelihood estimation. Two or more images of coplanar grid pattern with different orientations are needed for the camera calibration. The homographic matrix between the image points and object points is exploited to solve the camera parameters, followed by a linear minimization of image projection errors with Levenberg-Marquardt algorithm (Zhang, 2000) .
In the photogrammetry community, the self-calibration approaches, indicated above, have been widely used from 1970s (Brown, 1971; Faig, 1975) . The no requirement of object space control for the self-calibration technique made it an effective means of camera calibration. The non-linear collinear equations or other models with additional parameters (camera intrinsic parameters) used in bundle adjustment to model the perspective transformation from 2D images to 3D object space has changed little since the 1970s. Many combinations of additional parameters have been evaluated (Abraham and Hau, 1997) . However, the new observations introduced by additional parameters and the correlations among or between those parameters and the exterior orientation parameters can degrade the normal equation system, hence affecting their solutions. With this in mind, a more reasonable approach is the employment of only those additional parameters which have prominent physical justifi cations such as lens distortions. The cubic term in the radial distortion model, known as K 1 , has been proved to be suffi cient for most non-metric 35 mm and 70 mm camera lenses and C-mount lenses utilized by video cameras (Fryer and Brown, 1986) . Several strict constraints for a satisfactory self-calibration have been given previous (Fraser, 1997; Remondino and Fraser, 2006) . They are (a) overlap of at least three images under a fi xed camera setting, (b) stability of camera internal parameters and targets in object space, (c) an ample convergent angle for better depth accuracy, and (d) well distributed targets from a diversity of camera locations. However, these criteria limit the use of self-calibration approaches for zoom-lens calibration.
Various variable-parameter camera models and calibration methods have been reported for zoom-lens calibration (Willson, 1994; Tarabanis et al., 1994; Wiley and Wong, 1995; Li and Lavest, 1996; Shih et al., 1996; Ahmed and Farag, 2000; Fraser and Al-Ajlouni, 2006) . In the widely cited work of Willson (1994) , a camera with automated zoom lenses was calibrated across continuous ranges of focus and zoom to produce an adjustable perspective-projection camera model. The Camera's intrinsic parameters were independently derived using the method of Tsai (1987) for images taken at various settings of zoom and focus. Low order bivariate polynomials were made fi t for the camera's intrinsic parameters. Global optimization of all the calibration data was employed to optimize the coeffi cients of the fi tted polynomials. Currently, more off-the-shelf cameras with zoom-lenses are available on the market thus better enabling recent research to focus on medium-accuracy photogrammetric measurements using such consumer-grade cameras. A representative work has been reported by Fraser and Al-Ajlouni (2006) . This work presented a zoom-dependent calibration method, in which the camera's intrinsic parameters were expressed as simple functions of the focal length. Experimental results using four different cameras rendering almost all photos infi nity focused show that the proportional accuracy (accuracy normalized with object size) in 3D object point determination ranges from 1:9 000 to 1:40 000.
may not be able to satisfy the calibration demand. Therefore, this paper proposes a strategy of using a more portable calibration target array, i.e., a planar checkerboard, for zoom lens calibration, which offers better fl exibility and feasibility in real photogrammetric applications.
Most of the previous works on camera calibration generally either fi x the focus at infi nity or just use the autofocus function (Fraser and AL-Alouni, 2006 ) regardless of the variation to intrinsic parameters. However, both the increase of focal length and decrease of focused distance will lead to the decrease of depth of fi eld (DOF), which will disturb the image acquisition and bring problems for camera calibration. For example, Figure 1 illustrates the changes of DOF with respect to the variations of focal length and focused distance. The problem of DOF decreases caused by focus changes becomes more serious when calibrating zoom lens with motorized zoom and focus settings, which has not been systematically studied in the past. This paper presents a fl exible method for zoom lens calibration considering focusing infl uences using a planar checkerboard. After presenting a literature review of previous research on camera calibration in the next section, a novel approach for zoom lens calibration is presented in detail in the third section. The performances of the approach are validated through experiments with pre-measured target arrays, and the results are presented in the fourth section, followed by Conclusions.
Related Work
Many studies on camera calibration have been reported. In the computer vision community, Tsai (1987) presented a seminal work for camera calibration. A camera model representing the parallel relationships between the distorted image points and the object points in a camera coordinate space was used. A least-squares optimization was adopted to solve the intrinsic and extrinsic parameters of the camera. In Tsai's method, only one image of a 3D or coplanar grid pattern with more Overview of the Approach Camera calibration using only coplanar control points will lead to unstable or non-unique solutions. This is mainly due to the projective couplings between the camera IO and EO parameters, such as the signifi cant correlations between the locations of the principal point and the camera perspective center, and the correlations between the principal distance and the camera depth. As illustrated in Figure 3 , when the control points are distributed on a plane M, from the same two images P and P', two or more solutions exist for camera calibration. Figure 3a indicates that with the same image coordinates abc and a'b'c' of the coplanar control points A, B, and C, two pairs of principal point offsets (o and o') and camera perspective centers (S and S') can be estimated. Figure 3b illustrates the non-unique solutions for the principal distance f and the EO parameter Z S from the coplanar control points.
In order to solve the above problems for camera calibration using a coplanar checkerboard, the following two strategies are developed in this study. First, instead of modeling the variations of principal point offsets with respect to zoom and focus changes, this study fi xes the principal point to an image position which has physical signifi cance (Willson, 1994; Li and Lavest, 1996) as an approximation through a focus-of-expansion approach. Second, several sets (at least three) of checkerboard images with different distances from the camera are acquired and used to form a sound geometrical confi guration, so that the correlations between the principal distance and the camera depth can be relieved. In addition, to compensate the infl uences of focus changes on the principal distance and enable the autofocus capability in order to solve the DOF problem at varying distances aforementioned, a scale parameter is employed in the camera model to compensate for infl uences of focus changes. Based on these strategies, the principal distances are calibrated and distortion parameters are estimated independently for each zoom and focus setting. Finally, polynomials are used to model the principal distance and distortion parameter changes in relation to the various zoom and focus settings. In this approach, the calibration of distortion parameters is separated from calibration of other parameters. This is because of the following reason. To calibrate the principal distance, images with various depths are required to form a robust convergent geometry. To achieve this task, different focus settings have to be applied to capture sharp images due to the limited depth of fi eld. An effective method as mentioned above has been developed to compensate the variations of principal distance caused by different focus settings, however, for distortions there is no such a compensation strategy. Instead, the distortions are calibrated in a separate step while keep others fi xed following a strategy similar with the one reported by Brauer-Burchardt and Voss (2001) . Figure 4 shows the approach framework.
Three lenses are employed in this study for method development and validation purposes. The fi rst one is a 10 × motorized C-mount zoom lens (Edmund NT57-708) with a CMOS video camera. The focal length of the zoom lens ranges from 12 to 120 mm, and the corresponding fi eld of view (FOV) ranges from 29.4 to 3.1 degrees, respectively. The working distance (the focusable object distance) ranges from 1.5 m to infi nite. The lens is zoom and focus controllable with a lens controller. The motorized settings for both the zoom and focus range from 186 to 712 (only 200 to 700 are used in this study for mechanical stability consideration). The camera can record images or video data at resolutions of 1,280 × 1,024 pixels. The pixel size is 5.3 × 5.3 mm. This motorized zoom lens is used to illustrate the detailed calibration method proposed in this paper. To test the practical fl exibility of the proposed approach, other two lenses are also studied in the experiments with the same single lens refl ex (SLR) camera One common feature shared by previous research on zoom-lens calibration is the intention to empirically model camera intrinsic parameter variations with changing zoom and/or focus settings, using special 3D calibration fi elds. Compared with previous work, this study highlights the following three aspects: (a) the development of a fl exible method for zoom-lens calibration and modeling using a planar checkerboard, (b) the investigation of infl uence of focus to the intrinsic parameters which cannot be ignored especially in near focused distance, and (c) the development of a strategy using a scale parameter to compensate for the infl uences of focus changes on the principal distance which enables autofocus in zoom lens calibration process. The details of this approach are specifi cally discussed below.
Zoom-Lens Calibration and Modeling Using a Checkerboard
There are various types of zoom lens systems. The most complex ones may have tens of lens elements and assemble multiple moving components. But most of the zoom lens systems follow a basic two-step scheme in arranging the lens assembly of two separate parts (Malacara and Malacara, 1994) : (a) A zoom system which alters the size of a beam of light travelling through it, thus the overall zoom setting of the lens system, and (b) A focusing system, similar to the standard prime lens, controls the focused distance (i.e., focus setting). Figure 2 illustrates the operational procedure of a simple zoom lens camera with a zoom system and a focusing lens. In Figure 2 , the size of the parallel light beam is changing while moving the negative lens L 2 in the zoom system. The maximum zoom setting corresponds to the maximum light beam size and vice versa.
It is explicitly indicated in Figure 2 that the principal distance is monotonic with varying zoom/focus settings. The principal point, when lens elements are aligned perfectly along the axial direction, should meet with the center of the image format. However, in practice it may stray from the exact image center due to the complexity of lens assembling and the integration of gears or servos for controlling lens movement. ring manually. The planar checkerboard used in this study is a 300 × 420 mm alloy board. A 10 × 14 grid is engraved precisely on the board. Each cell is 30 × 30 mm (see Figure 6 ).
Camera Calibration Model
A camera calibration model for zoom lenses using coplanar control points based on the collinearity equation (Wang, 1990 ) is developed in this study. The calibration model takes account for the following calibration parameters, the principal point offset (x 0 , y 0 ), principal distance c, radial distortion parameters k 1 , k 2 , k 3 and decentering distortion parameters p 1 , p 2 , which are zoom and focus relevant. The relationship between a 3D object point P(X, Y, Z) and the corresponding 2D image point p(x, y) is then modeled by Equation 1: 
where (a i , b i , c i ) and (X S , Y S , Z S ) represent the respective camera orientation and position components. The parameter s is a scale parameter used to compensate for the infl uences of focus changes on the principle distances (details are discussed in a following section). After linearization of Equation 1, the observation equations for the bundle adjustment can be derived. To consider the uncertainty propagation of the derived parameters in the sequential steps, this paper employed a strategy by incorporating the IO parameters (principle point and principle distance) as unknowns in the bundle adjustment process but with additional weighted virtual observations. A general expression of the observation equations of the bundle adjustment is listed below: Table 1 . It should be noted that, some zoom settings are deliberately ignored in the experiments, e.g., large zoom settings when using close focus and small zoom settings for far distance if tracking targets are too vague to be detected or too few targets can be tracked. As can be seen from Table 1 , the determined focuses-ofexpansion with different focus settings and different object distances are quite stable (with a standard deviation of 0.002 mm). Therefore, this study takes the average value of where t, X 1 and X 2 represent the unknown values for EO, IO and additional distortion parameters, respectively, V is the image points residual, V X1 corresponds to the virtual observations for IO, P and P X1 are the a priori weights to each observation. For the weights of image point observations, a normal matching accuracy of 0.3 pixels is used. For the virtual observations related to the IO, their posteriori uncertainties from preceding bundle adjustment process are used to determine their corresponding weights. Through this way, the uncertainties of all the EO, IO, and distortion parameters can be fi nally estimated. Th e initial values for principal distance are interpolated from the nominal minimum and maximum focal lengths of the zoom lenses. For the distortion parameters, their initial values are set to zero.
At each individual zoom and focus settings, the calibration parameters can be solved through a bundle adjustment process using Equations 1 and 2. The bundle adjustment is based on a least squares approach. The above method is adopted to obtain the calibration parameters at a series of discrete zoom and focus settings covering the entire lens control ranges. The variations of the calibration parameters are then modeled empirically, by polynomials.
Principal Point
The principal point is defi ned as the "point on the image plane at the base of the perpendicular from the center of the lens, or more correctly, from the rear nodal point" (Fryer, 1996) . Instead of modeling the principal point offsets as a function of the zoom and focus settings such as those reported in previous work (Willson, 1994; Wiley and Wong, 1995; Fraser and Al-Ajlouni, 2006) , this study fi xes the principal point to an image point relevant to the zoom and focus settings. The reasons are as follows: (a) The variations of the principal point offset are not signifi cant, and no common variation trend could be derived for different cameras. Practical ways to calibrate the principal point are to use a best-fi t linear variation function or to simply fi x the principal point relevant to the zoom and focus settings (Li and Lavest, 1996) ; (b) The couplings between the principal point offset and other parameters may cause defects in the bundle adjustment process and thus lead to unstable calibration results, especially at large focal lengths ; (c) The effects of projective compensations between image IO and EO parameters indicate the need to simply fi x the principal point to a physically signifi cant image point. Previous experimental results have proved that a deliberate shift of the principal point can be compensated for by EO parameters (Tsai, 1987; .
To determine the principal point of the zoom lens, a focus-of-expansion technique is employed in this study. First, a series of images are taken over a range of zoom settings with the object plane and camera held fi xed. The trajectories of the same target point are then tracked and fi tted to a line ( Figure 5 ). All the trajectories of the target points intersect at an image center, which is the focus-of-expansion. Figure 5 illustrates the focus-of-expansion process. Figure 6 shows the results of the focus-of-expansion process using the Edmund NT57-708 motorized zoom-lens camera and the planar checkerboard. The camera and the checkerboard are both held fi xed. A series of checkerboard images are taken across the whole zoom setting span as shown in Figure 6a . The trajectories of each grid point in the checkerboard are tracked and intersect at the focus-of-expansion as illustrated in Figure 6b .
To examine the stability of the focus-of-expansion determined using the above approach, different focus settings ranging from 200 (focus at infi nite) to 700 (focus at about 1.5 m) are employed in the above experiments, and their corresponding focuses-of-expansion are determined, respectively, as To quantitatively characterize the signifi cance of the principal point wander, fi ve different types of principal point determination were tested and examined at a specifi c zoom setting of 75 mm and focus setting of 0.25 (4 m). The fi rst one is the principal point determined through the self-calibration approach as mentioned above. The second one is determined by the focuses-of-expansion strategy proposed in this paper. The third one is obtained from a fi rst-order polynomial derived from the calibrated principle points across various zoom and focus settings as shown in Figure 7 . The forth one deliberately adds a 10 pixels shift to the self-calibration results. The fi fth one directly locates the principal point at the image center, which is about 40 pixels shift to the selfcalibration results. The principal point is fi xed during the bundle adjustment process. In order to focus solely on the impact of principal point, all the other intrinsic parameters are estimated in a self-calibration means. Dozens of independent check points in the control fi eld are used to evaluate the performances of the fi ve types of principal points. RMSE (root mean-square error) against the true 3D coordinates of the check points and RMSE of the residuals in image space are recorded and summarized in Table 2 .
From Table 2 , it can be seen that the small errors in principal point can be compensated by EO parameters after the bundle block adjustment, which agrees with the reports from Tsai (1987) and . Several pixels inconsistencies in the principle points determined by the focuses-of-expansion approach and the forst-order polynomial only result in about 0.002 mm accuracy loss compared with the results from the self-calibration method. More quantitative evaluations can be seen in the results from Type 4 when deliberately shifting the principle point determined by the self-calibration method to 10 pixels away, and Type 5 when directly fi xing it at the image center (about 40 pixels shift to the self-calibration results). Although the outcomes degenerate a little, they still remain reasonable. The above analysis proved that the proposed focus-of-expansion approach is valid and effective.
Principal Distance Formation of Convergent Image Geometry Using the Checkerboard
Principal distance is defi ned as the perpendicular length from the perspective center of the camera to the principal point the focuses-of-expansion across different focus settings as the principal point.
To validate the effectiveness of determining the principle point through the focuses-of-expansion strategy, this paper investigates the principal point wander through experimental analysis using the Canon EF 28-105 mm zoom lens. Selfcalibration processes were performed for the zoom lens in an indoor control fi eld to obtain the accurate principle points at different zoom and focus settings covering their entire settings. The precision of the calibrated principal points is about one pixel. Figure 7 shows a contour plot of the obtained principle points (x 0 , y 0 ) with respect to various zoom and focus settings. As expected, Figure 7 shows the random distribution of calibrated principle points, which is consistent with the investigation by Fraser and Al-Ajlouni (2006) . In addition, this experimental analysis confi rmed that the randomness not only exists in variation of zoom but also of focus. The maximum range of the principal point variations determined through the self-calibration approach across the entire zoom and focus settings is 0.3 mm (36.6 pixels). The discrepancy between the principal point determined by the focus-ofexpansion approach and the self-calibration approach is 10.2 pixels in average for the tested zoom and focus settings. in this study, at least three sets of checkerboard images (about 2 m distance interval when taking the three sets of images) with different rotation or roll angles in each set is recommended for zoom-lens calibration use.
Infl uences of Focus Changes to Principal Distance
As mentioned above, stable principal distance can be obtained by using coplanar targets with varying distances to the camera and large convergent angles, however, this has raised another issue that capture of sharp images of calibration targets at various depths with fi xed zoom and focus settings is diffi cult and sometimes impossible, especially in the case of large zoom settings and small focused distances as indicated in Figure 1 . For example, for the Edmund NT57-708 motorized zoom lens used in this study, the DOF will not surpass 10 cm with the nearest focus and largest zoom setting under the normal illumination intensity and relatively small iris setting. Therefore, change of focus setting for sharp images at different depths is necessary. In order to recover principal distances at any zoom and focus settings, an effective strategy to normalize the principal distance to a reference focus setting (the one which represents infi nity focus), is developed in this study. For each zoom setting, a scale parameter is used to model the relative variations of the principal distances in relation to the principal distance at the pre-defi ned reference focus setting caused by the focus variations. The scale parameter has a similar physical meaning with the image scale c/Z S if Z S (the distance from the camera to the target) held fi xed. Based on similar triangles, the variations of the principal distance c caused by the variations of focus can be considered as the variations of the length of the image plane, if the EO parameter Z S is held fi xed.
Experimental analysis is carried out to examine the scale parameter. With the positions of the checkerboard and the camera both fi xed, a series of checkerboard images are taken at each zoom setting with different focus settings across the whole zoom and focus control ranges. Figure 8 gives an example of the image series captured by the motorized zoom lens with a zoom setting of 600 (a focal length about 55 mm) and various focus settings from 200 to 700.
For the convenience of implementation, the diagonal lengths of the checkerboard in the images are measured at each zoom and focus settings. The lengths are then normalized to the reference focus setting of 200 for each zoom setting with scale parameters. The detailed results are shown in Table 4 , from which the following two general tendencies can be concluded. First, the scale parameter monotonically increases as the focus setting increases at each fi xed zoom setting. Second, the infl uences on principal distance from focus changes are more apparent on larger zoom settings, e.g., 20 percent on zoom setting 600. (Fryer, 1996) . In order to determine the principal distance in the camera calibration process, convergent image geometric confi gurations are necessary bearing in mind the strong correlations between the principal distance and the depth of the camera (i.e., the Z s of the EO parameters) as mentioned above. This is especially so, when the calibration targets are coplanar such as the study case presented in this paper. Zhang (2000) proved that in theory three checkerboard images are enough for accomplishing the calibration. However in the practice in this study, we found that more images are necessary for obtaining accurate and stable results which agrees with the statements in Sturm et al. (2011) .
An experimental analysis was carried out to investigate the formation of convergent image geometry from the checkerboard images. Five sets of checkerboard images with various distances from the camera were taken (Set 1: a distance of 7.5 m to the camera, Set 2: 6.0 m, Set 3: 4.5 m, Set 4: 3.3 m, and Set 5: 2.5 m). Each set includes four images with different rotation and roll angles. Calibration process was performed for each set of images fi rst, and the principal distances were determined for the fi ve sets of images. Random image set combinations (combining two to fi ve sets) were then employed and the corresponding principal distances were also obtained. Table 3 shows the total 15 principal distances derived using different image sets.
From Table 3 , it can be seen that the derived principal distances using one or two individual image set are not stable. Stable results, however can be expected after using three sets of images. This can be explained by the fact that the use of three or more planar checkerboard image sets can create proper convergent image geometry and relieve correlation problems between the principal distance and Z s , hence obtaining more stable results. Based on experimental analyses the normalized principal distance can be carried out using auto-focus images from varying distances. A polynomial c(z) is used to model the variations of the principal distance as:
It should be noted that, the correction of lens distortions has been ignored in this step. Experimental results show that with or without lens distortion correction there is no notable differences in the derived principal distances. The characteristics of the principal distance modeling in this study have much in common with previous investigations on zoom lens systems (Willson, 1994; Li and Lavest, 1996) . Finally, the principal distance c'(z, f ) of the zoom lens under any zoom and focus settings is determined by Equation 5.
Lens Distortion
With the principal point and principal distance determined through the process discussed above, the coupling problem between the IO and EO parameters is eliminated, and in theory, only one image of the checkerboard is needed to derive the distortion parameters. In practice, several images cover the whole image scope are used to calibrate the lens distortions. Although there will be different radial distortions for images with different focused object distance (Brown, 1971) , and even in the same image, different object distances will result in various radial distortions; however, variation in radial distortion of different object distance is only signifi cant at large image scales. Since the goal of this study is to calibrate the zoom lens through a fl exible approach, this study tries to empirically model the distortion parameters by polynomials.
For the Edmund NT57-708 motorized zoom lens and camera system, the sensing area is relatively small (6.79 mm × 5.43 mm) compared with the SLR cameras (e.g., the sensing area is 35.8 mm × 23.9 mm for the Canon EOS 5D), and a narrow fi eld of view is companied with small sensor. Experimental results in this study indicate that both radial and decentering distortions are, to some extent, smaller for the Edmund NT57-708 motorized zoom lens and camera system. Therefore, for this lens the radial distortion parameters, as given in Equation 1, only k 1 is adopted for practical and convenient considerations, as suggested by Fryer (1996) . For the decentering distortions, although some of the previous studies suggest the employment of the decentering distortion parameters in distortion calibration for zoom lenses (Wiley and Wong, 1995) , many other studies (Li and Lavest, 1996; Fraser and Al-Ajlouni, 2006) have proved that the omission of the decentering distortion parameter p 1 and p 2 has little impact on the metric accuracy. This is mainly because decentering A bivariate n t h order polynomial is employed to model the scale parameter s(z, f ) for the zoom lens by Equation 3:
where z and f represent the zoom and focus settings, respectively. The order of the polynomial is dependent on both the practical experience and number of calibrated lens settings.
In the above description, a reference focus setting of 200 is used as the scale factor base for the Edmund NT57-708 motorized zoom lens. The focus setting of 200 for this zoom lens is corresponding to an infi nite focused distance. For other zoom-lens cameras, a similar scale factor base corresponding to an infi nite focused distance can be decided.
It should be noted that, the tiny infl uences on object distance (Z S ) caused by the changes of focus settings are ignored in determining the scale parameter. This is because the object distance is generally in the magnitude of several meters, while the changes of Z S caused by the focus settings are in magnitude of millimeters. Additionally, this type of tiny offsets can hardly be measured accurately. Omission of this type of tiny offsets is acceptable as supported by the experimental results given in the Experimental Results and Analysis Section that follows.
Principal Distance Modeling for Zoom Lens
Once the scale parameter is determined with a specifi c zoom and focus settings, a zoom-dependent calibration process of 
Calibra tion and Modeling Results
The calibrations were conducted among the whole span of the zoom/focus settings. For the Edmund NT57-708 motorized zoom lens, zoom and focus readings were recorded with vendor-provided APIs. For the two Canon lenses, zoom settings were recorded in the EXIF header and focused distances were estimated from the lens manually, and reciprocal of the focused distance was deemed as focus setting (e.g., focus setting 0 represents infi nite focused distance).
Results of Principal Point
For the two zoom lenses, the Edmund NT57-708 motorized zoom lens and the Canon EF 28-105 zoom lens, focus-ofexpansion has been derived at each focus setting using the approach previously presented. The results are shown in Figure 9 ; no evident trait can be concluded from Figure 9 . The random change is not to a signifi cant extent. The erratic variation with zoom or focus setting has also reported by others (Wiley and Wong, 1995; Fraser and Al-Ajlouni, 2006) . Therefore, the average is taken and fi xed as principal point relying on the error compensation by EO parameters in bundle adjustment. For the Canon EF 24 mm prime lens without zoom ability, simply using the image center or self-calibration value at one specifi c focus setting is suffi cient on the assumption that random and small variation is caused by focus. Figure 10 illustrates the variations of the scale parameters across the entire zoom and focus settings for the three lenses studied, from which it can be seen that the scale parameter should be modeled using different functions for different distortion is generally small, for instance, no more than 0.5 pixels of decentering distortion have been found for the Edmund NT57-708 motorized zoom lens used in this study. Therefore, decentering distortions have been ignored for the Edmund NT57-708 lens in this study. While for the other two lenses, the Canon EF 28-105 zoom lens and Canon EF 24 mm prime lens, they have a relatively larger sensing area, and the radial distortion may have a higher order changing behavior, and the decentering distortion may increase to several pixels. Therefore, four additional parameters k 1 , k 2 , p 1 , and p 2 are utilized for modeling image distortions for these two lenses. Several sets of checkerboard images with various zoom and focus settings covering the entire lens control range were taken and used for lens distortion calibration. To model the distortion parameter k and p for the zoom lens, the following polynomials are used:
Results of Principal Distance
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Experimental Results and Analysis
Three d ifferent types of lens, Edmund NT57-708 motorized zoom lens, Canon EF 28-105 zoom lens, and Canon EF 24 mm prime lens, were calibrated using a planar checkerboard with explicit methods. The internal parameters, including principal distance and distortion parameters were modeled by polynomials. The calibration results are presented and analyzed in following in detail. Accuracy evaluation is further conducted against the self-calibration method and the well-known Zoomdependent technique. for the Canon EF 28-105 mm zoom lens because the normalized principal distance is quite close to the effective focal length obtained in the EXIF header. The principal distance is then modeled by Equation 5 at any zoom and focus settings.
Results of Lens Distortions
Figures 12, 13, and 14 describe the variations of lens distortion parameters for the three lenses studied in this paper. The monotonic decrease with increasing zoom for the cubic component of radial distortion k 1 shown in Figures 12,  Figure 13a , and Figure 14a has also been reported by others (Wiley and Wong, 1995; Laebe and Foerstner, 2004; Fraser and Al-Ajlouni, 2006) . The distortion parameters are modeled using bivariate quadratic polynomials for the Edmund NT57-708 motorized zoom lens and the Canon EF 28-105 mm zoom lens. For the Canon EF 24 mm prime lens, focus-dependent models are studied, and linear and parabolic models are used for the radial and decentering distortion parameters, respectively. As noticed from Figures 13 and 14 , variations of p 1 , p 2 are less regular than that o f k 1 and k 2 .This is mainly due to the fact that the decentering distortion is too small so that any perpetuation in the calibration procedure will affect its value to a relatively noticeable extent. The average uncertainties of the calibrated distortion parameters across all the zoom and focus settings are generally less than 2 percent except for that of k 2 (5.06 percent for k 2 ). Considering the fact that the impact of fi fth-order part of radial distortion is rather small, these results can be considered satisfactory.
lenses. For the Edmund NT57-708 motorized zoom lens, a bivariate second-order paraboloid is used to fi t the scale variations, however for the Canon EF 28-105 mm zoom lens and Canon EF 24 mm prime lens, the fi rst-order polynomials (plane and line) are used, respectively. From Figure 10 , it can be seen that not only the order of polynomials is different, but also the variation tendency. The scale decreases with increasing focus setting for the Canon EF 28-105 mm zoom lens which is alien to the other two lenses. On comparing the Edmund NT57-708 motorized zoom lens and the Canon EF 28-105 mm zoom lens, one common feature is noticed: the infl uences on principal distances from focus changes are more apparent at larger zoom settings. Similar characteristics of the infl uences of focus changes on principal distance for motorized zoom lens have also been mentioned by Willson (1994) , but to our knowledge, no similar investigation for an off-theshelf camera has been studied before. Shown in Figure 11 are the normalized principal distances for the Edmund NT57-708 motorized zoom lens and the Canon EF 28-105 mm zoom lens. For the Canon EF 24 mm prime lens, the calibrated principal distance is 24.414 mm at infi nity focus. The uncertainties of the calibrated normalized principal distance at all zoom/focus settings are superior to 0.1 percent. Again, different lens behavior can be seen, and polynomials with various orders are used, e.g., for the Edmund NT57-708 motorized zoom lens, a quartic polynomial is used because three infl ection points are noticed on the curve shown in Figure 11a . On the other hand, a line is used To investigate the fi tness of the mathematical models and the calibrated results, x 2 tests were performed for the variances of the discrepancies between the mathematical models, and the calibrated results with a given variance at 5 percent signifi cance level. Shown in Table 5 are the x 2 test results for the Edmund NT57-708 motorized zoom lens and the Canon EF 28-105 mm zoom lens. H is the binary indicator indicating which hypothesis is accepted. P-value is the probability of observing the given result. Small values of p cast doubt on the validity of the null hypothesis. The confi dence interval is the range for the true variance under 95 percent confi dence.
As indicated in Table 5 , all the models except for that of p 1 and p 2 of the Canon EF 28-105 mm zoom lens passed the tests, which means the models and the related data fi t each other well. The exceptions of p 1 and p 2 are easy to understand giving the fact that the variation trend of the decentering distortion parameters is rather irregular as shown in Figures 13  and 14 . The exceptions of p 1 and p 2 will not affect the overall outcome giving the fact that the decentering distortion is rather small and some previous works even ignored it.
Accuracy Evaluation
A test fi eld is set up for accuracy evaluation of the developed zoom lens models. The object points array, comprised of 864 retro-refl ective targets on a wall of 5 m diameter, is measured by using a total station. The 3D positioning precision (mean square error of unit weight) is 0.047 mm. This test fi eld is used for the Canon lenses with circular fl ashlight. As no fl ashlight is installed on the Edmund NT57-708 motorized zoom lens, another black-white object points array on a frame of about 1.5 m diameter with 120 coded targets is also employed for tests. The 3D positioning precision for the targets on this frame is 0.029 mm. Figure 17a and 17b show the two object points arrays. Figure 17 also illustrates the representative basic convergent geometry at each zoom and focus setting for self-calibration. Both the measurement of the object points array and accuracy tests are conducted in a 3D close-range photogrammetry software, PhotoModeler ® . The intrinsic parameters are determined by Equation 6 using the calibration results for each zoom/focus setting. For each lens, several zoom/focus combinations are chosen
In ord er to study the zoom and focus effects to distortions, variations of radial distortion with respect to zoom and focus settings are plotted in Figures 15 and 16 , respectively. Figure 15 shows the radial distortions on image plane for the Edmund NT57-708 motorized zoom lens and Canon EF 28-105 mm zoom lens under different zoom settings, of which the monotonic decrease and zero-cross are consistent with the works reported by others (Laebe and Foerstner, 2004; Fraser and Al-Ajlouni, 2006) . Although zoom is the dominant factor in affecting distortions, the effect from focus cannot be ignored as shown in Figure 16 . Figure 16 illustrates the radial distortions at the largest radius on image plane for the three lenses under different focus settings. At some zoom settings, its effect will surpass about 20 percent. Therefore, in these cases modeling of distortions must take focus into consideration. zoom lens), better accuracy can be anticipated at larger zoom settings for both self-calibration and zoom/focus model. Second, at relatively near focused distances (large focus settings), accuracies of zoom/focus model have deteriorated much compared with that of self-calibration. This is due to the severe infl uences of focus setting to principal distance which may be modeled less accurately. And third, for internal accuracy, the RMSE of image coordinate residuals, it is affected by both the accuracy of zoom/focus model and the image scale c/Z S which will infl uence target extraction precision.
Turning to compare the outcome of different lenses, the accuracy of zoom/focus model attained by the Edmund NT57-708 motorized zoom lens surpasses the Canon EF 28-105 mm zoom lens, while similar accuracies are attained by self-calibration approach. The focus-dependent model for Canon EF 24 mm prime lens produces better outcome due to relatively small variation caused by focus compare to that caused by zoom.
As shown in Table 6 , although the zoom/focus model show relatively lower accuracies compared with the results from the self-calibration method, the former is valuable for the previously mentioned close-range photogrammetric applications when performing a self-calibration is diffi cult or sometimes impossible. With the increasing interest of using off-the-shell zoom-lens cameras for various photogrammetric applications, the zoom/focus model is also valuable in to test the polynomial models. Meanwhile, self-calibrations are also conducted with the same images to compare with the accuracy attained by the zoom/focus model developed in this paper. For the Edmund NT57-708 motorized zoom lens, only k 1 is employed, while for the other two lenses distortion parameters k 1 , k 2 , p 1 , and p 2 are employed correspondingly in the self-calibration. The RMSE against true 3D coordinates pre-measured are recorded. As a consequence of different distances between target array and camera positions, accuracies are also normalized with the distances (Z S ). In addition, the accuracies of the calibration parameters from the proposed method are evaluated through independent check with self-calibration results. Moreover, to verify the necessity of involving focus settings in zoom lens model, the performance of the developed zoom/focus model is compared with the well-known Zoom-dependent model for the Edmund NT57-708 motorized zoom lens and the Canon EF 24 mm prime lens. Table 6 is the summary of accuracies for the three lenses using self-calibration approach and the zoom/focus model developed in this paper. Prior to compare the outcome of the two approaches, it is meaningful to highlight some general aspects of the results. First and the most evident characteristic is that for the two zoom lenses (Edmund NT57-708 motorized zoom lens and Canon EF 28-105 mm Figure 17 . Target arrays and camera station (CS) geometry: (a) Retro-refl ective target array installed on the wall, and (b) black-white object points array on a frame.
Self-Calibration versus Zoom/Focus Model Shown in
1. Flexible and effective ways for zoom-lens calibration include fi xing the principal point to an image point through the focusof-expansion approach and using images of the checkerboard taken at varying object distances with varying rotations or roll angles to form convergent image geometry; 2. The strategy of using a scale parameter employed in this study proved able to model the infl uences of focus changes on principal distance and enable autofocus during zoom lens calibration process. Different functions should be used to model the scale parameters for different lenses since the tendency of variation is different and the order of polynomial is different. The focus settings impact the principal distance for all the three different adjustable lenses studied in this paper. Although this impact tends to be insignifi cant at small focal lengths and around focusing infi nity, its impact increases with increasing focal length and decreasing focused distance; 3. Polynomials are simple and effective ways of modeling the calibration parameter variations in relation to the various zoom and focus settings. Through the methods developed in this study, relative accuracies ranging from 1:5 000 to 1:25 000 have been achieved for measurements using the three different lenses.
It should be noted that, in this proposed method the principal point is determined by a focus-of-expansion strategy, and the possible ambiguity in principle point can be compensated in the subsequent bundle adjustment as proved in the experimental analysis. While in some applications with direct orientation procedures when the bundle adjustment is not involved, the possible ambiguity in principle point might be magnifi ed by the photogrammetric scale. A quantitative evaluation of this issue is beyond the scope of this paper.
Currently more off-the-shelf cameras which provide various zoom capabilities are commercially available. Development of a fl exible approach for zoom-lens calibration that does not rely on a professional calibration fi eld will signifi cantly facilitate the use of zoom-lens cameras including the "off the shelf" zoom-lens cameras in various applications such as robotic exploration, hazard monitoring, traffi c monitoring, and security surveillance. offering better fl exibility and feasibility in zoom lens calibration and modeling.
In addition, it is necessary to check the validity of the proposed zoom lens model directly by comparing the camera parameters with their true-values. As the true-values are unknown, the results from self-calibration method (considered to be the most accurate ones) are adopted instead. Shown in Figure 18 is the comparison of the camera parameters including the principal distance, principle point (x 0 , y 0 ), radial distortion parameter k 1 , and decentering distortion parameters p 1 and p 2 , from the zoom/focus model and those from the self-calibration results for the same eight zoom/focus settings for the three cameras listed in Table 6 .
It can be noted from Figure 18 that the principal distance and radial distortion parameter can be modeled fairly well. This is mainly because their behaviors are more regular than that of decentering distortions as illustrated in Figures 10 through 14. The principal points determined by the focus-ofexpansion approach are proved to be very close to the results from the self-calibration method. As mentioned previously, the tiny ambiguities can be compensated by the EO parameters in the bundle block adjustment.
Zoom D ependent Model versus Zoom/Focus Model
Since focus will cause signifi cant variation to intrinsic parameters as discussed above, accuracy loss can be anticipated if focus setting is intentionally elided in modeling zoom lens. To quantitatively evaluate the loss, two lenses are involved in the test, the Edmund NT57-708 motorized zoom lens and the Canon EF 24 mm prime lens. Focus setting is deliberately ignored by setting it to infi nite to simulate the behavior of zoom-dependent model. The same images are used for both zoom-dependent and zoom/focus models.
Shown in Table 7 is the comparison between the two adopted models. The texts in bold format in the last four columns are the ones using zoom-dependent model. The others are the results from the zoom/focus model. As anticipated, eliding the effect of focus will cause dramatic accuracy loss, especially at close ranges. However around infi nite focus, almost equivalent results can be attained. For example, for the zoom setting of 620 for the Edmund NT57-708 motorized zoom lens, the two focus settings (292 and 200) are close, and the derived accuracies are also close to each other. 
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